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Abstract

The decision of the Federal Constitutional Court of Germany that

the German voting system used for elections to the Bundestag (Ger-

many’s parliament) is unconstitutional has prompted several proposals

for a new voting system. This article provides a game theoretical un-

derstanding of the current system and shows that it is not strategy

proof. Further, the current electoral system and two proposed elec-

toral systems are tested for desirable properties and the differences

between them will be analysed. For this purpose a statistical analysis

of historical data is conducted. In addition, the way that votes trans-

late into political power as captured by power indices will be used to

look at the political influence of individual parties. It will be con-

cluded that both proposals do better with regard to the occurrence of

the redistribution paradox and strategy proofness.

Wordcount: 7492 words
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1 Introduction

On 3 July 2008 the Federal Constitutional Court of Germany ruled that

the German voting system used for elections to the Bundestag (Germany’s

parliament) is unconstitutional1. The court stated that current electoral

law2 would cause the effect that votes may under certain circumstances harm

rather than help the party that they are voting for. This is possible since

parties that have Überhangmandate (surplus seats) in a Federal state, may

lose them if they get more votes. The reverse - not voting for a party actually

helping that party - is also possible. It was decided that this is a violation

of the foundations of the German constitution which demand equality and

directness of an election. Further, the current system could lead to random

results, as the vote may have a positive, zero or a negative effect. The

legislative body was obliged to change the law by 30 June 2011.3 The decision

has prompted several proposals for a new voting system.

In the next section an overview of the German electoral system is given. In

section 3 a game theoretical understanding of the current system is provided

and it will be shown that it is not strategy proof. In section 4, the current

electoral system and two of the proposed electoral systems are tested for

desirable properties and the differences between them. For this purpose a

statistical analysis of historical data is conducted. Further, the way that

votes translate into political power as captured by power indices is used to

look at the political influence of individual parties. Finally, in section 5, it

is concluded that both proposals do better with regard to the occurrence of

the redistribution paradox and strategy proofness.

1decision of 3 July 2008, 2 BvC 1/07, 2 BvC 7/07
2in particular § 7 par. 3 line 2 and § 6 par. 4 and 5 Bundeswahlgesetz
3Bundesverfassungsgericht, press release nr. 68/2008 on 3 July 2008
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2 The German Electoral System

This article is concerned with a special type of electoral system. While most

systems are either a proportional representation or a constituency represen-

tation, the German system is a hybrid combing single member plurality and

proportional representation which is often referred to as additional member

system. While mixed electoral systems are used by no less than 29 countries

according to a survey by Massicotte and Blais (1999) there is no universally

accepted definition for such a system. This article will focus on Germany

where such a system has been in use the longest.

In order to form a government in Germany, one has to form a coalition

of parties which makes up more than half of all MPs. 50 per cent of MPs

are elected by single member plurality in single-seat constituencies while the

other 50 per cent are elected through proportional representation. Those

MPs which are elected in proportional representation are taken from a party

list of candidates. The list is closed (the rank ordering of candidates is de-

termined by the party) and drawn up on a Federal state basis. Every eligible

voter over the age of 18 has two votes, a primary vote for the constituency

MP and a secondary vote for list MPs. Further, there is a threshold of 5

per cent of secondary votes nationally to qualify for list seats (Farrell, 2001).

Alternatively, a party that won at least three constituencies is also eligible

for list seats. For the distribution of seats, those constituency seats that have

gone to individuals which are not affiliated to a party which is eligible for

list seats will be deducted from the total of 598 (the total number has varied

since the Second World War due to the Reunification and resizing of con-

stituencies). There are however rarely any seats to deduct4. The remaining

seats are distributed according to the respective shares of secondary votes

among those parties which are eligible for list seats.

4only in 2002 did the PDS only win two constituencies which were deducted.
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In a second step the total seats allocated to a particular party are dis-

tributed among the Federal state level lists according to the secondary votes

that party got in that state. The number of a party’s constituency seats in

a particular Federal state are deducted from the number of list seats that

that party has in that Federal state. If a party wins more constituency seats

in a Federal state than they would be eligible for through this procedure,

these seats are added to the party’s seats nationally and the total num-

ber of seats in the Bundestag is extended 5. These surplus seats are called

Überhangmandate.

2.1 Überhangmandate

Until the 1990 election these Überhangmandate were generally considered as

not very important, however since then they have occurred more frequently.

In general, Überhangmandate move the seat constellation in favour of the

strongest party but in extreme cases they could also affect who becomes the

strongest party. Since they are also the reason why votes for a particular

party may actually hurt that party, they sparked a discussion which led to

the decision of Germany’s highest court declaring them unconstitutional.

Generally, Überhangmandate should be rare. If a party got for example

40 per cent of the proportional vote in a federal state, this party would

have to win more than 80 per cent of the constituencies in that state to

be eligible for these surplus seats. Joachim Behnke (2003) finds that the

main cause for the frequent occurrence of Überhangmandate from 1990 to

1998 was mainly a result of the structure of the party system as there was a

strong third party while the cause in 2002 was a low voter turnout. In general

two main causal components were identified. Firstly, to a large extent the

Überhangmandate are a direct consequence of the primary and secondary

5§ 6 par.5 Bundeswahlgesetzbuch
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vote. Secondly however, distortive factors such as the size of constituencies,

the voter turnout and the procedure by which the seats are allocated between

federal state lists are identified to affect the number of Überhangmandate.

The latter is the particular cause for the possibility of a vote having a

negative effect on a party’s number of seats. The total of a party’s seats in the

Bundestag is multiplied by the ratio of votes of a particular federal state list

to the total number of votes for the party to calculate the seats per federal list.

If more constituencies in that Federal state are won than the respective list

is allocated, the surplus seats will be Überhangmandate. Thus, it is possible

that a party’s federal list in state A may be eligible for 10 seats due to the

proportional vote but since the party has won 11 constituencies it is provided

with 11 seats, one of which is an Überhangmandate. Another state’s list may

also be eligible for 10 seats, but has only won 8 constituencies and thus also

gets a seat for the number one and two on the list. The total number of seats

from the two lists is 21 for the party. If however the party gets more votes in

state A, state A may be eligible for 11 seats while state B will only be eligible

for 9 seats as it has fewer seats in relative terms. Then the total number of

seats for that party will be 20 since state B’s list has lost a seat which is not

compensated in state A because there, the Überhangmandate is converted

into a general seat. Hence, additional votes have caused the party to lose

seats. This is in fact quite a common phenomenon which can sometimes be

predicted (Fehndrich, 1999).

3 Strategy-Proofness

Earlier literature, McKelvey and Ordeshook (1972), Felsenthal and Maoz

(1988), Gutowski and Georges (1993) and Cox (1997) have discussed the pos-

sibility of strategic voting elections, in particular Thurner and Pappi (1998)

have been able to show that strategic voting is common in the German elec-
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toral system, especially because voters often vote for the smaller party of a

preferred coalition despite preferring the larger party in order to ensure the

smaller party gets more than 5 per cent of the secondary votes to be eligible

for list seats. This article will develop a different model of strategic voting

that considers the uncertainty induced by the possibility of harming a party

by voting for it. As a vote may have a negative effect on a party due to

the Überhangmandate system, this article will show that the current Ger-

man electoral system is not strategy proof which deeply conflicts with the

requirement of the directness of an election. In this case strategy proofness

demands that it is the optimal strategy for every voter to reveal his most

preferred party by voting for it with his secondary vote and thus refraining

from strategic voting.

3.1 The Voter’s Decision Under Uncertainty

In order to analyse the decision faced by a voter we assume that every voter

derives a certain level of (dis-)utility U(Ax) of any party Ax, x ∈ [1, 2, ..., n]

being in government. Further, the probability of a party being in government

is directly proportional to the number of seats a party gets. Thus, a vote Vi

which is increasing the chances of a party getting an additional seat increases

the chances of a particular party Ai ruling by ∆P (Ai) such that

U(Vi) = ∆P (Ai).U(Ai)−∆P (Ai)

∑n

x=1 U(Ax)− U(Ai)

n− 1
(1)

here the last term is the sum of the utilities that would be derived from all

parties except i divided by their number; it describes the reduction in utility

due to making it less likely for other parties to rule. Here it is assumed that

all other parties have to give up an equal share of probability of being in

government.

Since under the current system it is uncertain whether the vote will in-

crease the chances of the party getting or the party loosing a seat, the voter’s
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assessment of the probabilities is captured by P (Vi) - the probability of the

vote working favourably and P (−Vi) - the probability of the vote working

unfavourably. Now the expected voting effect φi can be captured as

φi = P (Vi)− P (−Vi), φi ∈ [−1, 1] (2)

Hence, the voter will vote for the party that maximises expected utility given

by

EU(Vi) = φi.(∆P (Ai).U(Ai)−∆P (Ai).

∑n

x=1 U(Ax)− U(Ai)

n− 1
) (3)

if EU(Vi) < 0 for all i then the voter will not vote. Assuming that ex ante

for the voter ∆P (Ai) = ∆P (Ax) for all i, this condition can be derived from

(3) as

φi.(U(Ai)) > φi.(

∑n

x=1 U(Ax)− U(Ai)

n− 1
) (4)

Equation (4) implies that if all parties with a positive expected vot-

ing effect (φi > 0) are not worth helping to get another seat (U(Ai) <
∑n

x=1
U(Ax)−U(Ai)

n−1
) and all parties with a negative expected voting effect (φi <

0) are worth helping to get another seat (U(Ai) >
∑n

x=1
U(Ax)−U(Ai)

n−1
), the voter

will not vote.

Otherwise, the voter will vote for the party that maximises (3). Since

still in most voters opinion the expected voting effect is large and close to

1 the most preferred party will get the vote (check if φi = 1 for all i, the

party with the highest U(Ai) will be chosen). However if φi is low for the

most preferred party a second choice with a higher φi and U(Ai) > 0 may be

chosen. It is also possible that a voter may vote for a party that he dislikes

(U(Ai) < 0) if the expected voting effect is negative φi < 0.

As the voter is not voting for his most preferred choice in the latter two

cases described above, the system is not strategy proof unless the expected

voting effect is equal to one (φi = 1). However, a negative effect of a vote
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has been frequent and predictable (Fehndrich, 1999). Thus, this model sup-

ports the reasoning of the Federal Constitutional Court of Germany that the

current system is not direct and may lead to random results. The analysis

will thus proceed with a closer look at alternative systems.

4 Features of Electoral Systems

As a result of the decision of the Federal Constitutional Court of Germany

several changes to the German electoral system were proposed.

4.1 Proposals

Firstly, it would be possible to compensate Überhangmandate internally

within a party. Then, all constituency seats would be subtracted from the

total number of seats that the party is eligible for nationally through the

proportional vote. Only the remaining votes will then be distributed among

the party’s Federal state lists. This would imply that a party would only

get the amount of seats they deserve based on the proportional vote, except

for the event that a party wins more constituency seats than they would be

entitled to through the proportional vote nationally. This however is very

unlikely as Überhangmandate generally occur because seats are calculated

on a Federal state level. This proposal would distort the proportionality of

the Federal state party lists but it would in effect eliminate the occurrence

of Überhangmandate.

Another proposal suggests simply cancelling all Überhangmandate. The

current system would be applied to all votes however, any Überhangmandate

would be dropped without compensation. In this case however there would

be a question as to which candidates would lose their right to a seat. Since no

Überhangmandate can be attributed to a particular constituency one would
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have to come up with a system to choose which constituency will lose its

seat. In any event this will leave some constituencies unrepresented. The

above two proposals would translate votes into seats on the national level in

the same manner. Thus they will be analysed as one proposal by the name

of ”No Überhangmandate”.

A further alternative would be dropping the primary vote as it has little to

no influence (Taagepera and Shugart, 1989). This would imply that Germany

would adopt a system of proportional representation only. While a minimum

of 5 percent of all the votes would remain to qualify for seats, it would not be

possible for independents to get a seat in the Bundestag. Similarly, it would

not be possible for a party to qualify for seats by winning three constituencies.

This system will be analysed as ”Proportional Representation”.

4.2 Data

In order to test the current voting system and some proposals for desirable

properties and to identify differences and similarities between them, the dif-

ferent systems were analysed with regard to voting index correlation, power

correlation, party power, and paradoxes.

The data was taken from the online resources of the Federal Returning

Officer6. The votes of 13 elections from 1961 to 2009 were analysed. Across

three possible systems (Proportional Representation, the (current) original

system and the No Überhangmandate system) the shares of votes were cor-

related with other relevant data. The pre-1961 data was not used since it is

not representative of the current electoral system. The 1990 election was not

included as the electoral law was temporary changed due to the Reunifica-

tion.

For the calculation of power indices, an implementation of the generating

6http://www.bundeswahlleiter.de/en/bundestagswahlen/index.html
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function algorithm in Owen (1995) was used in excel7. Eviews was used for

all correlation analysis.

4.3 Voting Index Correlation8

”The Members of the German Bundestag shall be elected in gen-

eral, direct, free, equal and secret elections”

Article 38 par.1 of the German Constitution

With the principle of the directness of an election written into the con-

stitution, the way by which votes translate into legislative power is most in-

teresting. For this purpose the percentage of votes a party in the Bundestag

obtained was correlated with the voting index (the percentage of seats in the

Bundestag) for each of the systems.

The analysis showed that all systems did not have a significant intercept.

Hence, linear models without intercept were tested. Where

voting index = party votes

total votes

seat index = party seats

total seats

seat index = βi . voting index

Proportional Rep. Original System No Überhangmandate

β 1.0390 1.0382 1.0359

t-statistic 256.83 238.96 297.00

adjusted R2 0.9975 0.9972 0.9982

The relevant t-value is 2.01 for a two-tailed test at 5% significance. All

three regression coefficients are highly significant. In addition the hypothesis

7for the algorithm see appendix XI.
8for a more extensive display of results see appendix I
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that β = 1 was tested and rejected at 5% significance for all systems.

Further, it was tested whether the models are significantly different from

each other. In order to do so the proportional representation model and

the no Überhangmandate model respectively were nested in a more general

model with the original system model. A dummy variable (δ) was introduced

with a value of 1 for the nested dataset. The following equation was esti-

mated:

seat index = βi . voting index+ γi . δ . voting index

Proportional Rep. No Überhangmandate

γ 0.0007 0.0024

t-statistic 0.1237 0.4234

The relevant t-value is 1.98 for a two-tailed test at 5% significance. Both

models are not significantly different from the original system model .

The analysis shows that a linear model without an intercept is highly

significant. The fact that the intercept is not significant shows that seats

and votes are directly proportional in all three systems. Further, the high R2

values shows that all the systems have a very direct way of translating votes

into seats. However, the regression coefficient (the constant of proportional-

ity) is significantly grater than 1 for all systems. This can be attributed the

minimum of 5% to qualify for list seats, as with this clause in place those

parties that meet the requirement may share all seats just between them.

This however is not alarming since the deviation from 1 of the constant of

proportionality is small and only the very small parties are denied seats. This

is intended by the lawmaker to ensure a more concentrated seat distribution

and more stable majorities.
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With regard to the voting index the systems display no obvious undesir-

able properties and are very similar. In fact the way by which they translate

votes into seats does not show significantly different results.

4.4 Power Correlation9

It is important to note that seats do not represent power in a voting game

such as the Bundestag, as those seats belong to parties which can be consid-

ered as players with different weights according to their seats. Power indices

provide a different way to consider the way by which votes translate into

legislative power. In order to do that the percentage of votes a party in the

Bundestag got was correlated with the Banzhaf-Coleman (Coleman, 1971)

index and the Shapley-Shubik index (Shapley and Shubik, 1954).

4.4.1 Banzhaf-Coleman

The Banzhaf-Coleman index represents power by the probability of changing

the outcome of a vote. In order to calculate it, the critical voters across all

possible winning coalitions are counted. Here a critical voter (in this case

party) is defined as the voter who if he changed his vote would change the

outcome of the vote. The Banzhaf-Coleman index is a voter’s share of swing

votes.

More formally, following Owen (1978) consider an n-person game v with

the player set N . A coalition S ⊂ N is winning if v(S) = 1. Then for a

player i ∈ N , define δi as the number of coalitions S ⊂ N such that S is

loosing but S ∪{i} is winning. The Banzhaf-Coleman index is then given by

Banzhaf Coleman = δi∑n
j=1

δj

9for a more extensive display of results see appendix I
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This index was correlated with the voting index. The analysis showed

that all systems did have a significant intercept. Hence, linear models with

intercept were tested. Where

voting index = party votes

total votes

Banzhaf Coleman = α + βi . voting index

Proportional Rep. Original System No Überhangmandate

α 0.1537 0.1302 0.1348

t-statistic 6.2916 4.9513 5.5738

β 0.4377 0.5058 0.4871

t-statistic 5.4404 5.7280 5.9982

adjusted R2 0.3733 0.3888 0.4116

The relevant t-value is 2.01 for a two-tailed test at 5% significance. There-

fore, all coefficients are significant.

4.4.2 Shapley-Shubik

The Shapley-Shubik index measures power as the share of possible voting

sequences in which the party has the deciding vote. To calculate it, all

possible voting sequences are considered, then if a party moves the cumulative

vote above the threshold to pass, that party is considered the pivotal voter.

Note, that while there may be several or no critical voters there is exactly

one pivotal voter in every voting sequence. The Shapley-Shubik index is the

share of pivotal votes a party has.

More formally, consider an n-person game v with the player set N . Then

for a player i ∈ N , define λi as the number of orders in which i pivotal. The

Shapley-Shubik index is then given by

Shapley Shubik = λi

n!
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This index also was correlated with the voting index. Again, the analysis

showed that all systems did have a significant intercept. Hence, linear models

with intercept were tested.

Shapley Shubik = α + βi . voting index

Proportional Rep. Original System No Überhangmandate

α 0.1508 0.1289 0.1321

t-statistic 6.0626 4.8936 5.3869

β 0.4488 0.5110 0.4975

t-statistic 5.4796 5.7802 6.0397

adjusted R2 0.3768 0.3933 0.4151

The relevant t-value is 2.01 for a two-tailed test at 5% significance. Thus,

all coefficients are significant.

4.4.3 Comparison

In addition, it was tested whether the models are significantly different from

each other. In order to do so the proportional representation model and

the no Überhangmandate model respectively were nested in a more general

model with the original system model. A dummy variable was introduced

with a value of 1 for the nested dataset. Then the following equations were

estimated:

Seat index = α + φi . δ + βi . voting index+ γi . δ . voting index

Seat index = α + βi . voting index
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An F-test was conducted to test whether the parameters in the models

are jointly different from each other at 5% significance.

F-statistic:

Banzhaf-Coleman Shapley-Shubik

Proportional Rep. 0.2137 0.1825

No Überhangmandate 0.0119 0.0062

The relevant F(2,96) - value is 3.09 for a test at 5% significance. Therefore,

for both power indices, both models are not significantly different from the

Original system model.

While the resulting power structures from the different systems are not

significantly different from each other, it is still striking that the power in the

system of proportional representation is least closely related to the underlying

votes. The reason for this may be that the other two systems allow parties

with less than 5 per cent of the proportional vote to get list seats under the

condition that they win three constituencies. This would increase the number

of parties in the Bundestag, thus allowing a closer correlation of power and

votes.

For both indices the β coefficients suggest that the original system most

directly translates votes into power. This is surprising as Überhangmandate

are said to distort the voters’ will. However, historically this distortion has

worked in favour of a better vote representation in terms of power. This

analysis shows for all systems that the translation of votes into power is not

as good as the analysis of the voting index suggests.

Again, the systems show great similarity, which is statistically confirmed

since the coefficients in the original and the no Überhangmandate system

model are not jointly 10 different from the proportional representation model.

10or individually, see appendix I
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4.5 Party power11

Historically, only the two biggest German parties CDU/CSU and SPD have

ever been able to get Überhangmandate, as only parties that win constituen-

cies can get them. Thus, it was analysed whether particular parties would

have had less power in a different system without Überhangmandate. The

average power over the years 1967 - 2009 are given.

4.5.1 Banzhaf-Coleman

Proportional Rep. Original System No Überhangmandate

CDU/CSU 0.362 0.368 0.362

SPD 0.292 0.291 0.292

FDP 0.230 0.229 0.230

Die Grünen 0.096 0.088 0.096

Die Linke/PDS 0.020 0.024 0.020

4.5.2 Shapley-Shubik

Proportional Rep. Original System No Überhangmandate

CDU/CSU 0.364 0.369 0.364

SPD 0.294 0.292 0.294

FDP 0.229 0.228 0.229

Die Grünen 0.095 0.087 0.095

Die Linke/PDS 0.018 0.023 0.018

The fact that Überhangmandate help the biggest parties to get more

seats seems only for the CDU/CSU to translate into higher power, in fact

11for a more extensive display of results see appendix II
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the SPD had a lower average power index under the current system with

Überhangmandate than they would have had in a system without them.

Another observation is that the FDP which is a small party had a lot of

power historically, much more than Die Linke. This is because the FDP was

from 1961 to 1980 the only small party in parliament and was thus often able

to exert as much as a third of the power. Die Linke, then called PDS was in

contrast the most recent party to join the Bundestag and has therefore only

been in five parliaments.

However, in summary, no system seems to help a particular party. Rather,

the inequalities in party power are more likely to be down to the circum-

stances of the time and the particular party.

4.6 Paradoxes12

It would be desirable for a new electoral system to improve the directness

of the voting system. This would imply that a voter should be more certain

that his vote will count in the way that he intends to. This should be the

case if the possibility of a vote hurting a party through the Überhangmandate

mechanism is eliminated. However, often there are also other paradoxes. This

article looks at the redistribution paradox and the paradox of new members.

4.6.1 The Paradox of Redistribution

The paradox of redistribution13 (Fisher and Schotter, 1978) is counterintu-

itive in that it occurs when a party gets fewer votes but its power index in-

creases (Case 1) or vice versa if a party that increases its votes gets less power

(Case 2). More formally, let q be the winning quota in a voting game and wi

the voting weight of party i. If G = [q;w1, ..., wn] and G′ = [q;w′

1, ..., w
′

n] are

12for a more extensive display of results see appendix III
13see Schotter (1982) for empirical data on this paradox
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two voting games where
∑n

i=1 wi =
∑n

i=1 w
′

i, then there is a redistribution

paradox for power index φ if for any i

w′

i < wi and φi(G
′) > φi(G)

However, since in the original definition of the paradox the number of

seats, the number of parties and the weights of the old parties (all except i)

are fixed, a modified version of the paradox will be considered, as this is not

the case in Bundestag elections. For this analysis let wt be the percentage of

votes a party got in year t and φt the respective power index. Then there is

a paradox of redistribution if

(Case 1): wt > wt+x and φt ≤ φt+x

(Case 2): wt < wt+x and φt ≥ φt+x

Proportional Rep. Original System No Überhangmandate

Case 1 74 81 74

Case 2 64 84 64

Total 138 165 138

The paradoxes turned out to always occur for both power indices.

For all five parties 78 possible year combinations were inspected which gives

a total of 390 possible cases. This analysis clearly shows that considering

the redistribution paradox only, the old system performs worse. Changing

the system to one of the proposed systems would improve the directness of

the electoral system, as voters would be able to expect that it is less likely

that while they help a party get more votes, that party actually loses power

and vice versa. However, it is striking that even for the proportional repre-

sentation system and the no Überhangmandate system, there is a paradox

of redistribution in more than a third of all cases. This is a very high share

and, like the low power index correlation, can be attributed to the fact that

there are only a few parties with seats in the Bundestag.
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4.6.2 The Paradox of New Members

Considering power indices Brams and Affuso (1976) identified this paradox.

If new members are added to a voting body, this may increase the voting

power of some of the original members. In particular this is possible if the

decision rule and the relative voting rights of the original members remain

the same. In the original formulation, given a voting game G = [q;w1, ..., wn]

and another voting game G′ = [q′;w1, ..., wn, wn+1] with an additional party

n+ 1, then there is a paradox of new members if for any i ∈ N

φi(G
′) > φi(G)

However, in the modified version let wt be the percentage of votes a party

got in year t, φt the respective power index and Πt the set of parties that

were able to get seats in the Bundestag in year t. Then there is a paradox

of new members if

(P): wt ≥ wt+x and φt < φt+x and Πt ⊂ Πt+x

Proportional Rep. Original System No Überhangmandate

Paradox 31 25 30

The paradoxes turned out to always occur for both power indeces.

170 possible cases were inspected for the original system and the No

Überhangmandate system and 167 for the proportional representation sys-

tem. Since 1962 two new members have joined the Bundestag, die Grünen in

1983 and die Linke in 1990. It is important to note that under a proportional

representation system Die Linke would not have been a member of the Bun-

destag in 1994 and 2002 because they only got seats as a result of winning

constituencies. Therefore, the number of possible cases varies slightly for

that system.

Here the old system performs better. However, it could be argued that

the negative consequences of the redistribution paradox for the directness of
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the electoral system are graver as that paradox is more directly concerned

with the number of votes and may occur at any time.

5 Conclusion

The problem of the possibility of hurting the party that one is voting for is

emphasised by the “voter’s decision under uncertainty” model. The analysis

agrees with the Federal Constitutional Court of Germany that the current

system may cause random outcomes. Indeed, for the informed rational voter,

given certain parameters it may not be the optimal strategy to vote for his

most preferred party, he may also vote for another party. In particular he

may vote for another party that he would derive a positive utility from if it

was in power or he may even vote for a party that he would derive a negative

utility from in order to hurt that party. While it is clear that not all voters

will behave in that manner, it is possible to predict whether a vote is likely to

hurt or to help a party. Especially, it is quite possible to anticipate whether

a party will have Überhangmandate in a certain federal state, which makes

it a lot more likely that the vote will hurt the party.

The results clearly show that changing the electoral system in Germany

is imperative. For this purpose two proposals and the original system were

analysed. It was possible to show that all three systems performed similarly

with regard to voting index correlation, power index correlation and party

power. As a general point it was possible to note that proportional repre-

sentation and the other two systems analysed which are close relatives of it,

do much better in terms of voting index correlation than in terms of power

index correlation. However, they can still be expected to do better than any

single member plurality system.

When it comes to seat distribution, a system with Überhangmandate

should favour the biggest parties, yet such pattern was not clearly detected
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when it came to a cross party analysis of power indices. More importantly

however, when it comes to directness, paradoxes should be avoided. In par-

ticular, the occurrence of the redistribution paradox should be avoided. With

the decision of the Federal Constitutional Court of Germany in mind, a sys-

tem where more votes always equals more power would be desirable. Con-

sidering this criterion, the current voting system is outperformed by both

alternatives equally, as there would have been fewer paradoxes had they

been in place. However, the current system does better with the less relevant

paradox of new members.

It will be interesting to see whether in the future, voting and party strate-

gies will remain similar to the historical patterns. Once a system without

Überhangmandate is introduced, even the large parties will stop paying at-

tention to primary votes, which might help them perform better than the

historical analysis would suggest. Further, ticket splitting (giving the pri-

mary vote to the preferred large party and the secondary vote to the pre-

ferred small party) which is common under the current system (Thurner and

Pappi, 1998), will not be a useful strategy which may also help the big parties

get more of the proportional vote.

In summary, it was possible to show that the current system needs replac-

ing not only from a legal perspective but also from a theoretical perspective

because of a lack of strategy proofness and a poor performance with regard

to the redistribution paradox. The new proposals both perform very similar

and do better in terms of strategy proofness and the redistribution paradox,

while they perform the same on the other criteria.
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Appendix 
 
I Results of the Voting Index and Power Index Correlation 
 
Voting Index Correlation      
Correlation for the Proportional Rep.system with in tercept Correlation for the Proportional Rep.system  without intercept 
           
Sample (adjusted): 1 50     Sample (adjusted): 1 50    
Included observations: 49 after adjustments   Included observations: 49 after adjustments  
INDEX = C(1)+C(2)*VOTES  INDEX = C(2)*VOTES 
           
Variable CoefficientStd. Error t-Statistic Prob.    Variable CoefficientStd. Error t-Statistic Prob.   
           
C(1) 0.002033 0.002263 0.898149 0.3737 C(2) 1.038959 0.004045 256.8254 0
C(2) 1.033344 0.007452 138.6757 0 =1? 0.038959 9.6313968 
           
R-squared 0.997562 S.E. of regression 0.008618 R-squared 0.99752 S.E. of regression 0.008601
Adjusted R-squared 0.99751 Sum squared resid 0.003491 Adjusted R-squared 0.99752 Sum squared resid 0.003551
           
           
Correlation for the Original system with intercept  Correlation for the Originalsystem without interce pt 
           
Sample (adjusted): 1 51     Sample (adjusted): 1 51    
Included observations: 50 after adjustments   Included observations: 50 after adjustments  
INDEX = C(1)+C(2)*VOTES  INDEX = C(2)*VOTES 
           
Variable CoefficientStd. Error t-Statistic Prob.    Variable CoefficientStd. Error t-Statistic Prob.   
           
C(1) -0.000789 0.002386 -0.330561 0.7424 C(2) 1.038226 0.004345 238.9603 0
C(2) 1.040412 0.007934 131.134 0 =1? 0.038226 8.7976985 
           
R-squared 0.997216 S.E. of regression 0.009325 R-squared 0.99721 S.E. of regression 0.009239
Adjusted R-squared 0.997158 Sum squared resid 0.004173 Adjusted R-squared 0.99721 Sum squared resid 0.004183
           
           
Correlation for the No Überhangmandate system with intercept Correlation for the No Überhangmandate wi thout intercept 
           
Sample (adjusted): 1 51     Sample (adjusted): 1 51    
Included observations: 50 after adjustments   Included observations: 50 after adjustments  
INDEX = C(1)+C(2)*VOTES  INDEX = C(2)*VOTES 
           
Variable CoefficientStd. Error t-Statistic Prob.    Variable CoefficientStd. Error t-Statistic Prob.   
           
C(1) 0.001341 0.001908 0.703146 0.4854 C(2) 1.035869 0.003488 296.9977 0
C(2) 1.032152 0.006344 162.7044 0 =1? 0.035869 10.283544 
           
R-squared 0.99819 S.E. of regression 0.007456 R-squared 0.998171 S.E. of regression 0.007417
Adjusted R-squared 0.998152 Sum squared resid 0.002668 Adjusted R-squared 0.998171 Sum squared resid 0.002696
           
           
Proportional Rep. nested in Original with dummy   No Überhangmandate nested in Original   
           
Sample (adjusted): 1 101     Sample: 1 102    
Included observations: 99 after adjustments   Included observations: 100   
INDEX = C(1)*A + C(2)*DUMMY*VOTES  INDEX = C(1)*A + C(2)*DUMMY*VOTES  
           
Variable CoefficientStd. Error t-Statistic Prob.    Variable CoefficientStd. Error t-Statistic Prob.   
           
C(1) 1.038201 0.004194 247.5228 0 C(1) 1.035845 0.003935 263.2416 0
C(2) 0.000734 0.005932 0.123671 0.9018 C(2) 0.002356 0.005565 0.423441 0.6729
           
R-squared 0.997368 S.E. of regression 0.00892 R-squared 0.997692 S.E. of regression 0.008368
Adjusted R-squared 0.997341 Sum squared resid 0.007718 Adjusted R-squared 0.997669 Sum squared resid 0.006863

 



 
  Power Index Correlation 
 
Banzhaf-Coleman     Shapley-Shubik    

Correlation for the Proportional Rep.system   Corre lation for the Proportional Rep.system  
           

Sample (adjusted): 1 50    Sample (adjusted): 1 50   

Included observations: 49 after adjustments   Included observations: 49 after adjustments  

INDEX =C(1)+VOTES*C(2)   INDEX=C(1)+VOTES*C(2)  
           

Variable Coefficient 
Std. 
Error t-Statistic Prob.    Variable Coefficient Std. Error t-Statistic Prob.   

           

C(1) 0.153726 0.024434 6.29156 0  C(1) 0.150821 0.024878 6.062532 0 

C(2) 0.437652 0.080446 5.440353 0  C(2) 0.448813 0.081907 5.479567 0 

           

           

R-squared 0.386403  
S.E. of 
regression 0.093042  R-squared 0.389814  

S.E. of 
regression 0.094732 

Adjusted R-
squared 0.373347  

Sum 
squared 
resid 0.406874  

Adjusted R-
squared 0.376831  

Sum 
squared 
resid 0.421788 

           
           

Correlation for the Original system   Correlation f or the Original system  
           

Sample (adjusted): 1 51    Sample (adjusted): 1 51   

Included observations: 51 after adjustments   Included observations: 51 after adjustments  

INDEX=C(1)+VOTES*C(2)   INDEX=C(1)+VOTES*C(2)  
           

Variable Coefficient 
Std. 
Error t-Statistic Prob.    Variable Coefficient Std. Error t-Statistic Prob.   

           

C(1) 0.130207 0.026297 4.951346 0  C(1) 0.128862 0.026333 4.893577 0 

C(2) 0.505761 0.088296 5.728008 0  C(2) 0.511059 0.088415 5.780207 0 

           

R-squared 0.401052  
S.E. of 
regression 0.105393  R-squared 0.405418  

S.E. of 
regression 0.105536 

Adjusted R-
squared 0.388828  

Sum 
squared 
resid 0.544281  

Adjusted R-
squared 0.393283  

Sum 
squared 
resid 0.545752 

           
           

Correlation for the No Überhangmandate system  Corr elation for the No Überhangmandate system 
           

Sample (adjusted): 1 51    Sample (adjusted): 1 51   

Included observations: 51 after adjustments   Included observations: 51 after adjustments  

INDEX=C(1)+VOTES*C(2)   INDEX=C(1)+VOTES*C(2)  
           

Variable Coefficient 
Std. 
Error t-Statistic Prob.    Variable Coefficient Std. Error t-Statistic Prob.   

           

C(1) 0.134798 0.024184 5.57384 0  C(1) 0.132161 0.024534 5.386868 0 

C(2) 0.487058 0.0812 5.998224 0  C(2) 0.497519 0.082375 6.039702 0 

           

R-squared 0.423385  
S.E. of 
regression 0.096924  R-squared 0.426753  

S.E. of 
regression 0.098326 

Adjusted R-
squared 0.411617  

Sum 
squared 
resid 0.460317  

Adjusted R-
squared 0.415054  

Sum 
squared 
resid 0.473728 

 



 

Banzhaf-Coleman     Shapley-Shubik    
Proportional Rep. nested in Original with dummy  Pr oportional Rep. nested in Original  with dummy 
           
Sample (adjusted): 1 101     Sample (adjusted): 1 101    
Included observations: 100 after adjustments   Included observations: 100 after adjustments  
INDEX = C(1) +C(2)*DUMMY +C(3)*VOTES+ C(4)*DUMMY*VOTES  INDEX = C(1) +C(2)*DUMMY +C(3)*VOTES+ C(4)*DUMMY*VOTES 
           
Variable Coefficient Std. Error t-Statistic Prob.    Variable Coefficient Std. Error t-Statistic Prob.   
           
C(1) 0.130207 0.024836 5.2426 0  C(1) 0.128862 0.025049 5.144312 0 
C(2) 2.351909 3.605727 0.65227 0.5158  C(2) 2.195882 3.636652 0.60382 0.5474 
C(3) 0.505761 0.083391 6.064948 0  C(3) 0.511059 0.084106 6.076371 0 
C(4) -6.810833 11.98361 -0.568346 0.5711  C(4) -6.224609 12.08638 -0.51501 0.6077 
           

R-squared 0.395907  
S.E. of 
regression 0.099538  R-squared 0.399715  

S.E. of 
regression 0.100392 

Adjusted R-
squared 0.377029  

Sum squared 
resid 0.951154  

Adjusted R-
squared 0.380956  

Sum squared 
resid 0.96754 

           
           
No Überhangmandate nested in Original  with dummy  No Überhangmandate nested in Original  with dummy 
           
Sample: 1 102     Sample: 1 102    
Included observations: 102    Included observations: 102   
INDEX = C(1) +C(2)*DUMMY +C(3)*VOTES+ C(4)*DUMMY*VOTES  INDEX = C(1) +C(2)*DUMMY +C(3)*VOTES+ C(4)*DUMMY*VOTES 
           
Variable Coefficient Std. Error t-Statistic Prob.    Variable Coefficient Std. Error t-Statistic Prob.   
           
C(1) 0.130207 0.025263 5.15411 0  C(1) 0.128862 0.025449 5.063488 0 
C(2) 0.459071 3.572703 0.128494 0.898  C(2) 0.329846 3.59907 0.091648 0.9272 
C(3) 0.505761 0.084822 5.962578 0  C(3) 0.511059 0.085448 5.980903 0 
C(4) -1.870235 11.99571 -0.155909 0.8764  C(4) -1.353975 12.08424 -0.112045 0.911 
           

R-squared 0.411496  
S.E. of 
regression 0.101247  R-squared 0.415526  

S.E. of 
regression 0.101994 

Adjusted R-
squared 0.393481  

Sum squared 
resid 1.004597  

Adjusted R-
squared 0.397634  

Sum squared 
resid 1.01948 

           
           
Proportional Rep. nested in Original without dummy  Proportional Rep. nested in Original  without dumm y 
           
Sample: 1 102     Sample: 1 102    
Included observations: 100    Included observations: 100   
INDEX  =C(1)+C(3)*VOTES     INDEX =C(1)+C(3)*VOTES    
           
Variable Coefficient Std. Error t-Statistic Prob.    Variable Coefficient Std. Error t-Statistic Prob.   
           
C(1) 0.14137 0.01786 7.915492 0  C(1) 0.139282 0.018007 7.734798 0 
C(3) 0.473266 0.059387 7.969165 0  C(3) 0.481396 0.059877 8.03974 0 
           

R-squared 0.393217  
S.E. of 
regression 0.098736  R-squared 0.397433  

S.E. of 
regression 0.099551 

Adjusted R-
squared 0.387026  

Sum squared 
resid 0.955389  

Adjusted R-
squared 0.391284  

Sum squared 
resid 0.971219 

           
           
No Überhangmandate nested in Original without dummy   No Überhangmandate nested in Original without dum my 
           
Sample: 1 102     Sample: 1 102    
Included observations: 102    Included observations: 102   
INDEX  = C(1) +C(3)*VOTES    INDEX = C(1) +C(3)*VOTES   
           
Variable Coefficient Std. Error t-Statistic Prob.    Variable Coefficient Std. Error t-Statistic Prob.   
           
C(1) 0.132503 0.017686 7.491884 0  C(1) 0.130511 0.017816 7.325663 0 
C(3) 0.49641 0.059383 8.35944 0  C(3) 0.504289 0.059818 8.430425 0 
           
R-squared 0.41135     Mean dependent var 0.254873  R-squared 0.415451     Mean dependent var 0.254824 
Adjusted R-
squared 0.405464     S.D. dependent var 0.130005  

Adjusted R-
squared 0.409606     S.D. dependent var 0.131415 

S.E. of 
regression 0.100242     Akaike info criterion 

-
1.743045  

S.E. of 
regression 0.100976     Akaike info criterion -1.728459 

Sum squared 
resid 1.004846     Schwarz criterion 

-
1.691575  

Sum squared 
resid 1.019611     Schwarz criterion -1.676989 



 

II Results of the Party Power Index Analysis 

 

Proportional  CDU/CSU SPD FDP 
Die 
Grünen Die Linke 

Banzhaf Coleman 
Index 2009 0.385 0.231 0.231 0.077 0.077 
 2005 0.286 0.286 0.143 0.143 0.143 
 2002 0.333 0.333 0.000 0.333 0.000 
 1998 0.200 0.440 0.120 0.200 0.040 
 1994 0.500 0.167 0.167 0.167 0.000 
 1987 0.500 0.167 0.167 0.167  
 1983 0.500 0.167 0.167 0.167  
 1980 0.333 0.333 0.333   
 1976 0.333 0.333 0.333   
 1972 0.333 0.333 0.333   
 1969 0.333 0.333 0.333   
 1965 0.333 0.333 0.333   
 1961 0.333 0.333 0.333   
 Average 0.362 0.292 0.230 0.179 0.052 
       

Proportional  CDU/CSU SPD FDP 
Die 
Grünen Die Linke 

Shapley Shubik 
Index 2009 0.400 0.233 0.233 0.067 0.067 
 2005 0.300 0.300 0.133 0.133 0.133 
 2002 0.333 0.333 0.000 0.333 0.000 
 1998 0.200 0.450 0.117 0.200 0.033 
 1994 0.500 0.167 0.167 0.167 0.000 
 1987 0.500 0.167 0.167 0.167  
 1983 0.500 0.167 0.167 0.167  
 1980 0.333 0.333 0.333   
 1976 0.333 0.333 0.333   
 1972 0.333 0.333 0.333   
 1969 0.333 0.333 0.333   
 1965 0.333 0.333 0.333   
 1961 0.333 0.333 0.333   
 Average 0.364 0.294 0.229 0.176 0.047 

 

Old System  CDU/CSU SPD FDP 
Die 
Grünen Die Linke 

Banzhaf Coleman 
Index 2009 0.500 0.167 0.167 0.000 0.167 
 2005 0.286 0.286 0.143 0.143 0.143 
 2002 0.333 0.333 0.000 0.333 0.000 
 1998 0.167 0.500 0.167 0.167 0.000 
 1994 0.500 0.167 0.167 0.167 0.000 
 1987 0.500 0.167 0.167 0.167  
 1983 0.500 0.167 0.167 0.167  
 1980 0.333 0.333 0.333   
 1976 0.333 0.333 0.333   
 1972 0.333 0.333 0.333   
 1969 0.333 0.333 0.333   
 1965 0.333 0.333 0.333   
 1961 0.333 0.333 0.333   
 Average 0.368 0.291 0.229 0.163 0.062 

 



 

Old System  CDU/CSU SPD FDP 
Die 
Grünen Die Linke 

Shapley Shubik 
Index 2009 0.500 0.167 0.167 0.000 0.167 
 2005 0.300 0.300 0.133 0.133 0.133 
 2002 0.333 0.333 0.000 0.333 0.000 
 1998 0.167 0.500 0.167 0.167 0.000 
 1994 0.500 0.167 0.167 0.167 0.000 
 1987 0.500 0.167 0.167 0.167  
 1983 0.500 0.167 0.167 0.167  
 1980 0.333 0.333 0.333   
 1976 0.333 0.333 0.333   
 1972 0.333 0.333 0.333   
 1969 0.333 0.333 0.333   
 1965 0.333 0.333 0.333   
 1961 0.333 0.333 0.333   
 Average 0.369 0.292 0.228 0.162 0.060 

 

No Ü-mandate  CDU/CSU SPD FDP 
Die 
Grünen Die Linke 

Banzhaf Coleman 
Index 2009 0.385 0.231 0.231 0.077 0.077 
 2005 0.286 0.286 0.143 0.143 0.143 
 2002 0.333 0.333 0.000 0.333 0.000 
 1998 0.200 0.440 0.120 0.200 0.040 
 1994 0.500 0.167 0.167 0.167 0.000 
 1987 0.500 0.167 0.167 0.167  
 1983 0.500 0.167 0.167 0.167  
 1980 0.333 0.333 0.333   
 1976 0.333 0.333 0.333   
 1972 0.333 0.333 0.333   
 1969 0.333 0.333 0.333   
 1965 0.333 0.333 0.333   
 1961 0.333 0.333 0.333   
 Average 0.362 0.292 0.230 0.179 0.052 
       

No Ü-mandate  CDU/CSU SPD FDP 
Die 
Grünen Die Linke 

Shapley Shubik 
Index 2009 0.400 0.233 0.233 0.067 0.067 
 2005 0.300 0.300 0.133 0.133 0.133 
 2002 0.333 0.333 0.000 0.333 0.000 
 1998 0.200 0.450 0.117 0.200 0.033 
 1994 0.500 0.167 0.167 0.167 0.000 
 1987 0.500 0.167 0.167 0.167  
 1983 0.500 0.167 0.167 0.167  
 1980 0.333 0.333 0.333   
 1976 0.333 0.333 0.333   
 1972 0.333 0.333 0.333   
 1969 0.333 0.333 0.333   
 1965 0.333 0.333 0.333   
 1961 0.333 0.333 0.333   
 Average 0.364 0.294 0.229 0.176 0.047 

 



 

III Results of the Paradox Analysis 
  

Proportional      
      
 BC - index:     

 
Red. Paradox 
Case1: 

Red. Paradox 
Case2: Total:  

New Mem. 
Paradox: 

CDU 39 6 45  19 
SPD 21 16 37  10 
FDP 11 30 41  0 
Grüne 3 11 14  2 
Die Linke 0 1 1  0 
SUM 74 64 138  31 
      
 S-S - index     

 
Red. Paradox 
Case1: 

Red. Paradox 
Case2: Total:  

New Mem. 
Paradox: 

CDU 39 6 45  19 
SPD 21 16 37  10 
FDP 11 30 41  0 
Grüne 3 11 14  2 
Die Linke 0 1 1  0 
SUM 74 64 138  31 

 

Old System     
      
 BC - index:     

 
Red. Paradox 
Case1: 

Red. Paradox 
Case2: Total:  

New Mem. 
Paradox: 

CDU 42 6 48  18 
SPD 21 16 37  7 
FDP 14 35 49  0 
Die Grünen 3 18 21  0 
Die Linke 1 9 10  0 
SUM 81 84 165  25 
      
 S-S - index     

 
Red. Paradox 
Case1: 

Red. Paradox 
Case2: Total:  

New Mem. 
Paradox: 

CDU 42 6 48  18 
SPD 21 16 37  7 
FDP 14 35 49  0 
Die Grünen 3 18 21  0 
Die Linke 1 9 10  0 
SUM 81 84 165  25 

 

No Überhangsmandate    
      
 BC - index:     

 
Red. Paradox 
Case1: 

Red. Paradox 
Case2: Total:  

New Mem. 
Paradox: 

CDU 39 6 45  18 
SPD 21 16 37  10 
FDP 11 30 41  0 
Die Grünen 3 11 14  2 
Die Linke 0 1 1  0 
SUM 74 64 138  30 
      
      
CDU S-S - index     

SPD 
Red. Paradox 
Case1: 

Red. Paradox 
Case2: Total:  

New Mem. 
Paradox: 

FDP 39 6 45  18 
Die Grünen 21 16 37  10 
Die Linke 11 30 41  0 
SUM 3 11 14  2 
 0 1 1  0 
 74 64 138  30 

 



IV Power Index Calculation Algorithm 

 
Public Sub CALC() 
' Implements the generating function algorithm in G. Owen, 
' Game Theory, 3rd Ed, Academic Press, 1995, Chapter XII 
Dim I, J, K, L As Integer 
Dim N, V, Q, T As Range 
Set N = Range("DATA!Number") ' Number of players from Excel worksheet 
Set V = Range("DATA!Votes") ' Vote vector from Excel worksheet 
Set Q = Range("DATA!Quota") ' Winning vote quota from Excel worksheet 
Set T = Range("DATA!Total") ' Total votes from Excel worksheet 
Dim C(50, 700) As Double 
Dim C0(50, 700) As Double 
Dim U(50) As Double 
Dim S1, S2 As Double 
For I = 1 To N 
Erase C 
Erase C0 
For J = 1 To N - 1 
If J < I Then U(J) = V(J) 
If J >= I Then U(J) = V(J + 1) 
Next J 
For J = 1 To N - 1 
For K = 1 To J 
If K = 1 Then 
C(K, U(J)) = C0(K, U(J)) + 1 
ElseIf K > 1 Then 
For L = U(J) To T - V(I) 
C(K, L) = C0(K, L) + C0(K - 1, L - U(J)) 
Next L 
End If 
Next K 
For K = 1 To J 
For L = 1 To T - V(I) 
C0(K, L) = C(K, L) 
Next L 
Next K 
Next J 
S1 = 0 
S2 = 0 
For K = 1 To N - 1 
For L = Q - V(I) To Q - 1 
S1 = S1 + C(K, L) 
S2 = S2 + C(K, L) / (N * Application.WorksheetFunction.Combin(N - 1, K)) 
Next L 
Next K 
Range("DATA!Swings").Cells(I) = S1 ' Swings to Excel worksheet 
Range("DATA!Shapley").Cells(I) = S2 ' Shapley values to Excel worksheet 
Next I 
End Sub 
 


